FUNDAMENTAL DOMAIN OF INVARIANT SETS AND 

APPLICATIONS 



PENGFEI ZHANG 



Abstract. Let X be a compact metric space and f : X X a homeomorphism on X. 
We construct a fundamental domain for the set with finite peaks for each cocyclc induced 
hy 4> G C (X, K) . In particular we prove that if a partially hyperbolic diffeomorphism is 
accessible, then either the set with finite peaks for the Jacobian cocycle is of full volume, 
or the set of transitive points is of positive volume. 



1. Introduction 

In this paper we give a construction of fundament domains for some general subsets. 
More precisely let X be a compact metric space, / : X — )■ X a homeomorphism and 
E be an /-invariant set. If there is an /-invariant Borel map s : E ^ E such that 
s{x) G 0{f\x), then the image of s is called a fundamental domain of E. Take the North 
and South Poles Map / : S"^ — )■ S"^ for example: the set E = S'^\{N, S} is /-invariant and 
B{S,r)\fB{S,r) is a fundamental domain of E (for r < 1). 

In general let G C(X, M) be a continuous function. This induces an additive cocycle 
{(pn '■ n eIj] over (X, /) which is given by 

<x) + --- + 0(/"-ix), n > 0; 
-0(/"x) <P{r^x), n<0. 

Let = sup„g2 0,i(x) be the peak value at x. Then the cocycle {0n} is said to have 

finite peaks at a point x G X, if {n G Z : (pn^x) = <I>/(x)} is nonempty and finite. Denote 
by H{f, 0) the set of points with finite peaks. 

Note that for some related to the dynamics, H{f, 0) can be quite large with respect 
to natural measures, see Section |4] and [6]. Also H{f,(f)) could be large in the sense of 
entropy, see Remark [1] and Section [51 We prove that there always exists a fundamental 
domain for this set: 



Theorem A. Let f : X X be a homeomorphism and G C(X, M). Then there is 
an f -invariant Borel section tt : H{f,(j)) — )■ H{f,(f)). Equivalently, the image of tx is a 
fundamental domain ofH{f,(f)). 
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We also give some applications of our construction. Let / : M — )■ M be a transitive 
diffeomorphism and Tran^ be the set of transitive points of /. It is well known that 
Tran/ is a residual subset (hence topologically large). But a residual subset could be 
measure-theoretically meagre (take the set of Liouville numbers for example). 

There are some classical results about the measure-theoretical largeness of the transitive 
set. For example let / : M — )■ M be a transitive Anosov diffeomorphism. Sinai proved 
in [TT] that there exists a unique Gibbs measure /i+ with respect to / whose basin -B(/i+, /) 
is of full volume: m(5(/^+,/)) = 1. In particular _B(/i+,/) C Tran/ since the support 
supp(/i+) = M. So m(Tran/) = 1 for every transitive Anosov diffeomorphism. See 
[21 [13] for recent results about the measure of transitive sets for general systems. We get 
similar estimates of Tran/ for accessible partially hyperbolic systems. Namely let Jf{x) 
be the Jacobian of / with respect to the Riemannian metric which induces m. 

Theorem B. Let f : M ^ M be a C"^ partially hyperbolic diffeomorphism. If f is 
essentially accessible and m{H{f, log Jf)) < 1, then f is transitive and m(Tranj) > 1 — 
m{H{f,logJf))>0. 

Once again let / be transitive Anosov diffeomorphism, (respectively, //_) be the 
unique Gibbs measure with respect to / (respectively, /~^). Denote the common measure 
by if /i+ = Following dichotomy is proved by Gurevich and Oseledets [B]: 

• either ^ then (m, /) is completely dissipative; 

• or = then /i is equivalent to m and (m, /) is ergodic. 

We also get a partial generalization of Gurevich and Oseledets dichotomy to center 
bunched, essentially accessible partially hyperbolic systems. 

Corollary C. Let f : M ^ M be a C"^ essentially accessible, center bunched partially 
hyperbolic diffeomorphism. 

(1) Either m{H{f,\og J f)) = 1: then {m, f) is completely dissipative; 

(2) or m{H{f,log Jf)) < 1: then m{H{f,log Jf)) = and {m, f) is ergodic. 

Finally we give a proof of the entropy largeness of the Birkhoff heteroclinic set Hf{fi, v) = 
B{fi, f) n B{u, /~^) of two /-invariant measures /i, u, which may be of interest in its own 
right. We are grateful to G. Liao for pointing out the asymmetry of Bowen dimensional 
entropy /iij(/, ■)• 

Proposition D. Let f : M ^ M be a transitive Anosov diffeomorphism. Then for all 
f -invariant measures fi,^, the entropy of H f{^^v) satisfies hsif ^ H f{^^v)) = h^{f) and 

hB{f"\Hj{fi,u)) = hM)- 

In particular if h^{f) ^ K{f), then hBif,IIf{n,u)) ^ /ib(/-\ if /-(/i, z/)). 
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Let X be a compact metric space, / : X — )■ A a homeomorphism and (j) G C(A, M) be 
a continuous function. The induced cocycle {(pn : n G Z} over (A, /) is given by 



In particular (j)Q{x) = 0, 0„,_|_fc(x) = 0„(x) + (pkif"'^) for all n,k & Z and x G A. 

Definition 2.1. Let / : A — )■ A be a homeomorphism, </> G C(A, M) and = 
sup„g2 </)„(x). The cocycle {4>n} is said to have finite peaks at a point x G A if {n G Z : 
(pnix) = $/(a;)} is nonempty and finite. Denote by H{f,(j)) the set of points with finite 
peaks. 

It is easy to see the set H(f, (p) is a Borel subset. And H{f, 0) = if is constant. In 
the following we assume that H{f,(f)) ^ 0. 

Definition 2.2. The function ri/ of last peak time and the function tt of last peak position 
on H{f, 0) are defined as: 



Let = {.X G a : 0„(x) < for all n with \n\ > N} for each A > 1. It is 

clear that H{f,(j)) = [jj^^^H^ and = max|„|<Ar on H^- So the set is a 

G^-subset and the function is continuous on Hjsf. Also note that for each x G Hjsr, 
4>n{x) < ^f{x) for all |n| > A and hence |n/(x)| < A. Moreover we have 

Lemma 2.3. Let f be a homeomorphism on X , (p E C(A, M) and Hn given as above. 
Then Uf is upper semi- continuous on Hn and the restriction 7t\hn ^■^ o, Borel map. 

Proof. (1). Let x G Hi\f and x^ G Hj^j — > x. Note that \nf{xk)\ < A for all k > 1. 
Passing to a subsequence if necessary, we assume nf{xk) = n for all k>l. Now we claim 
nf{x) ^ "fi- and hence nj is upper semi- continuous on Hn- 

If this were not true, then nf{x) < n and hence > (phi^)- Since is continuous 

on Hn, there exists 5 > such that > 0n(j/) for all y G H 5). In particular 

<l>/(xfc) > (j)h{xk) for all /c large, which contradict the assumption n = nf{xk). Therefore 
limsup^.^^nf{xk) < ''^fi^)- This finishes the proof of the claim and hence the first 
conclusion. 

(2). Let H{n) = {x G : n/(x) = n}. Clearly H{n) is a Borel set and LI|n|<Ar-^(^) = 
if AT. Then 7i\H(n) = /"iH(n) is a Borel map for each |n| < A. So vrl^jv is also Borel. □ 



2. Fundamental domain of some invariant subsets 




n>0; 
n <0. 



(2.1) 



nf{x) = sup{n G Z : 0„,(x) = $/(x)}, and 7r(x) = / 



X. 
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Theorem 2.4. Let f : X ^ X be a homeomorphism and (p G C{X, M). Then the map tt 
is an f -invariant Borel section on H{f,(j)). Equivalently, the image of n is a fundamental 
domain ofH{f,(f)). 

Proof. Let A; G Z. Since (pn+k = <Pk + <Pn ° f^ for all n ^'L, we see that 

(2.2) = SUp0„+fc(x) = SUp0„(/''x) + = ^f{f^x) + (j)k{x). 

For fl2.2p we see that for every x G H{f, </>): 

• </)„+fe(x) = ^f{x) if and only if <pn{f^x) = ^fif'x); 

• moreover nf{x) = nf{f^x) + k. 

Then we have 

7r(/^x) = f^fif'^)[fkx) = = = 7r(x). 

Thus TT is /-invariant and 7r(x) G By Lemma [231 we see that tt : — )■ </>) 

is an /-invariant Borel section and its image W = 7r{H{f, (p)) is a fundamental domain of 
H{f,(f)). This completes the proof. □ 

3. Applications: topological systems 

Let / : X — > X be a homeomorphism and M{f) the /-invariant probability measures. 
Let z/a; „ = ^ X]fe=o ^f^x be the Birkhoff average along the orbit segment {x, ■ ■ ■ , f"-~^x}. 
Then the basin /) of /.i with respect to / is defined as -B(/i, f) = {x E X : h'x,n — ^ 
fi as n +oo}, which can be viewed as the Birkhoff stable set of the measure fi. In this 
spirit we give the following: 

Definition 3.1. Let E M.{f) be two distinct invariant measures. The set of the 

Birkhoff heteroclini^points of the pair (/i, u), denoted by Hf{^, u), is defined as Hf{fi, u) = 
B{fi,f)nB{u,f-'). 

Remark 1. Let / : M — >■ M be a transitive Anosov diffeomorphism. By Limit Shad- 
owing Property we see that B[fi,f) ^ for all invariant measure fi, so is B{i>,f~^). 
Also note that B{n,f) is saturated by stable manifolds and Blu, f~^) is saturated by 
unstable manifolds. Therefore Hf{^,i') is dense for all invariant measures (/U, i^). In fact 
hsif, LLfifi, i^)) = h^{f) where hsifyE) be Bowen's dimensional entropy on noncompact 
sets (see Section[5]). So there are many invariant pairs with large heteroclinic sets LLf{fi, v)- 

The following theorem provides a fundamental domain of the Birkhoff heteroclinic set: 

Theorem 3.2. Let {X,f) be given as above, and /x, G A^(/) with Hf{^^v) ^ 0. Then 
there exists an f -invariant, Borel section s on Hf{fi,u) and its image is a fundamental 
domain of Hf^fi,^). 



If we denote /) = B{n, f) and /) B{iy, f'^), then Hf(p, v) = B'{n, f) D /). 
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Proof. Since fi ^ u, there exists a continuous function : X — )■ M such that J^(j)dfi ^ 
(f) dv. Replacing by a</) + 6 if necessary, we assume that 



= -1 < < 1 = / (pdv. 

X J X 



For each point x G Hf{fi, u) = B{fi, f) fl B{iy, f ^) we see 



1 1 """^ f 

hm — = hm — N (j){f^x) = / 

7 — n »^ ^ 



(j)djj, 



k=0 
n 



1 1 /■ 

hm — = hm — N —(j){f~^x) = — (f)du = —1. 

k=l ^ 



Therefore (/)n(a:) < = (^q{x) for all n with \n\ large. So x G H{f,(j)). Thus Hflfi,!/) C 
H{f,(f)) and the restriction of vr (given by (12.11) ) to Hflfi,!/) provides the /-invariant 
section by Theorem 12. 4[ This completes the proof. □ 

Similarly we can define the Birkhoff homodinic set Hf{fi) = -B(/i, /) fl B{fj,, f~^). We 
first note that there is an obstruction for the existence of fundamental domain of Birkhoff 
homoclinic sets for ergodic measures: 

Proof. Let /i be an ergodic measure. Then fi{B{fi,f)) = fi{B{fi, f~^)) = 1 by Birkhoff 
ergodic theorem. So fi{Hf{fi)) = 1. If there were some fundamental domain W of Hf{fi), 
then either fi{W) = (forces fi{Hf{fi)) = 0) or fiiW) > (forces fi{Hf{fi)) = oo), 
contradicts n{Hf{fi)) = 1. So there do not exist any fundamental domain of Hf{fi). □ 

Note that fi{B{fi, /)) = for general G A^(/)\A^'^(/). So the obstruction no longer 
exists if fi is not ergodic. Moreover the basin Hf{fi) could be large in the sense of entropy. 
In fact hB{f,Hf{fi)) = h^{f) if / is a transitive Anosov diffeomorphism (by Remark [T]). 
We don't know if one can find a fundamental domain of Hf{fi) for these measures. 



Now we give a simple corollary which will be used in next section. Let X be a compact 
metric space and /i be a probability measure on X. Let f : X ^ X he a homeomorphism 
(may not preserves fi). 

Definition 3.3. Let be a measurable subset of positive //-measure. Then E is said to 
be wandering with respect to (/i, /) if f^W, n E 1^ are mutually disjoint. The dissipative 
part Df of the system {X,fi,f) is the measurable union of the collection of measurable 
wandering sets with respect to (/x, /). The set = X\Df is called the conservative part 
of (/X, /). The partition {Cf, Dj} is called the Hopf decomposition of (/i, /). 

Note that = if every measurable set of positive measure is not wandering. See 
[3 El [H [g for more details. 

Assume there exists a continuous function : X — )■ M such that /i(/-E) = J^e^^^^dfj.{x) 
for each measurable subset E C M. The function e*^ is called the Jacobian of / with 
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respect to fi. As a byproduct of Theorem 12.41 we give a proof of a very special case of [9l 
Corolary 24] (simple and regular action) without using Rokhlin disintegration theorem: 

Corollary 3.4. Let f : X ^ X be a homeomorphism and fi be a Borel measure with 
Jacobian Jf = e'^ , where (p is a continuous function on X . Then the dissipative part Dj 
of {fi, f) satisfies fi{DfAH{f, 0)) = 0. 

Proof. (1). To show fi{D f\H {f , (p)) = 0, it suffices to show that for each wandering set 
SnGZ^'^"''^^ ^ ^'^^ /i-a.e. X G W. This is true since 

^e'^"(^')c/m(x) = J2[ ^"^(^) = ^(U •^"^) - ^• 

(2). Now we show fi{H{f, (f))\Df) = 0. It is trivial if fj,{H{f, (f))) = 0. Then assume 
IJ,{H{f, (p)) > 0. Let W be the fundamental domain of H{f,(f)) given by Theorem 12 .41 
Then IJ,{W) > and W is wandering. So H{f, (f)) C Dj. □ 

4. Applications: smooth systems 

In this section we give some estimates about the transitive sets of partially hyperbolic 
systems. Let M be a compact Riemannian manifold without boundary. Recall that 
X G M is a transitive point of / if its orbit Of{x) is dense on M. Denote by Tran^ be the 
set of transitive points. 

A diffeomorphism / : M — )■ M is said to be partially hyperbolic if there are a Tf- 
invariant splitting of TM = (B E'^ (B E"^, a smooth Riemannian metric g on M and 
positive constants u, z/, 7 and 7 with z/, i/ < 1 and < 7 < 7~^ < iy^^ such that, for all 
X G M and for all unit vectors v & E^, w & E^ and v' G E^, 

(4.1) \\Tf{v)\\ < < 7 < \\Tf{w)\\ < r' < < \\Tf{v')\\. 

We assume that both E^ and i?" are nontrivial and continuous. It is well known that E^ 
and E'^ are uniquely integrable and tangent to the stable foliation W'^ and the unstable 
foliation respectiveljo. Let m be the normalized measure induced by the Riemannian 
metric g on M. 

Definition 4.1. Let A be a measurable subset of M. Then A is said to be s-saturated if 
for each x E A, W^{x) C A. Similarly we can define u-saturated sets. Then the set A is 
bi-saturated if it is s-saturated and u-saturated. 

The following is slightly general version of above one: 

Definition 4.2. Let A be a measurable subset of M. Then A is said to be essentially 
s-saturated if there exists an s-saturated set A" with m{AAA'^) = 0. Similarly we can 
define essentially u-saturated sets. The set A is essentially bi-saturated if there exists a 
bi-saturated set A'^" with m(AAy4'^") = 0, and bi-essentially saturated if A is essentially 
s-saturated and essentially w-saturated. 




Although these fohations may not be smooth, they are transversal absolutely continuous with C 
leaves. 
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It is worth to point out that there is a subtle difference between essential bi-saturation 
and bi-essential saturation, see 

Definition 4.3. A partially hyperbolic diffeomorphism / : M — M is said to be accessible 
if each nonempty bi-saturated set is the whole manifold M. The map / is essentially 
accessible if every measurable bi-saturated set has either full or zero volume. 

Dolgopyat and Wilkinson proved in [5] that accessibility holds on a C^-open and C^- 
dense subset of partially hyperbolic systems. 

Now we are ready to prove the following proposition: 

Proposition 4.4. Let f : M M be a C"^ partially hyperbolic diffeomorphism and Cf 
the conservative part of (m, /). Assume m{Cf) > 0. 

(1) Then every f -invariant subset E G Cf is bi- essentially saturated. 

(2) Moreover if f is essentially accessible, then m-a.e. x E Cf is a transitive point. 
In particular m(TT an f) > m{Cf) > 0. 

Note that m(C/)+m(i?(/, log J/)) = m{C f)+m{D f) = 1 by Corollary 13. 41 So Theorem 
B follows from this proposition. We need the following : 

Halmos Recurrence Theorem (Theorem 1.1.1 in [1]). Let Cf be the conservative part 
of (m, /). Then for every measurable subset A C Cf, J2n>i ^Aif^x) = +oo for m-a.e. 
X E A. In other words, m-a.e. x E A will return to A infinitely many times. 

Proof of the first conclusion. Let E G C f he a.n /-invariant subset. We first show that E 
is essentially s-saturated. Note that for each x G M, the stable manifold W^{x) is a 
immersed submanifold. Denote by mwix) (by mg for short) the leaf volume induced by 
the restricted Riemannian metric on W^{x). 

Note that the proof of Lemma 4.1 in [12] also works for our case. The only difference 
is that we use Halmos Recurrence Theorem, instead of Poincare Recurrence Theorem. So 
there exists a measurable subset A d E with m{E\A) = such that 

(4.2) ms{W'{x)\E) = 0, for each x e C. 

To construct an s-saturate of E, we need the following fact, which follows from the 
continuity of the foliation W"^: 

• If is closed subset of M, then IJxe-ft: ^r(^) closed for all R> 0. 

Now let Kn C Kn+i C ■ ■ ■ C C be an increasing sequence of compact subsets with 
m{C\Kn) — 0. It is easy to see that the set C = IJn>i Ua;ex„ ^n(^) measurable, 
s-saturated and 

a) m{E\C') = since m{E\C') < m{E\Kn) = m{C\Kn) ^ as n -> oo. 

b) mlc'\E) = by (g^]) and by absolute continuity of W. 

So mi^EAC^) = for an s-saturated set C**. Therefore E is essentially s-saturated. The 
essential w-saturate property of E follows similarly. This finishes the proof. □ 
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To prove the second conclusion, we first show that for each open ball B, 0{x) r\B ^ 
for m-a.e. point x E Cf. To the end we consider G{B), the subset of points x which has 
a neighborhood U of x such that 0{y) fl 5 7^ for m-a.e. y E U H Cf. Evidently G{B) is 
a nonempty open subset (and /-invariant). Note that we can replace C/ by its s-saturate 
C in the definition of G{B) since m(C/AC^) = 0. 

Lemma 4.5. The set G{B) is bi-saturated and m{G{B)) = 1. 

Proof. Let us prove G{B) is s-saturated. It suffices to show that q e G{B) for each 
q G W^{p) and each p G G{B), where the size S is fixed. So the justification lies in a local 
foliation box Z of W"* around p. 

For a point x & Z, denote W^{x) the component of W^lx) fl Z that contains x. Since 
p G G{B), there exists a small neighborhood U of p with fl i? 7^ for m-a.e. 

y G f/nc^ 

Let R be the set of recurrent points in f/ fl whose orbits enter B. Clearly m{U fl 
C^\R) < m{Gf\R) = 0. So we can pick a smooth transverse r G U of Wf such that 
r n W^^(p) 7^ and ■mT-{C'^\R) = 0, where m,- is the induced volume on r (note that G^ 
is not only essentially s-saturated, but s-saturated). Now we have the set Uxemfl^K^) 
has full m- measure in the set Uxemc ^l(^) = (Uagr ^l(^)) I"' C*^. 

The set U^g^ W|(a;) contains an open neighborhood V of q. Moreover 0{y) fl i? 7^ for 
m-a.e. y G V (1 G^ and therefore q G G{B). This implies ^(5) is s-saturated. Similarly 
G{B) is M-saturated and hence m{G{B)) = 1 by the essential accessibility of /. □ 

The rest of the proof follows closely from the proof of Theorem 5.5 in [13] and hence 
is omitted here. So m-a.e. x G C/ is a transitive point and m(Tran/) > m(C/) > 0. This 
completes the proof of Proposition 14. 4[ 

To get sharper results we need the following definition: 

Definition 4.6. A partially hyperbolic diffeomorphism / is center hunched if the con- 
stants V, V and 7, 7 given in fl4.ip can be chosen so that: z/ < 77 and v < 77. 

Proposition 4.7 (Corollary 5.2 in |1]). Let f : M ^ M be a G^ center bunched par- 
tially hyperbolic diffeomorphism. Then every measurable bi-essentially saturated subset is 
essentially bi-saturated. 

The following is a direct corollary of Proposition 14.41 and [U Corollary 5.2], which 
provides a partial generalization of Gurevich and Oseledets dichotomy: 

Corollary 4.8. Let f : M ^ M be a G"^ essentially accessible, center bunched partially 
hyperbolic diffeomorphism. 

(1) Either Df = M : then (m, /) is completely dissipative, 

(2) or Gf = M : then (m, /) is ergodic. 

Recall that (m, /) is said to be ergodic if every measurable, /-invariant subset E satisfies 
m{E) = or 1. Note that m may not be /-invariant. 
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Proof. Assume m{Cf) > 0. Then is bi-essentially saturated and hence also essentially 
bi-saturated by Proposition 14.71 So m{Cf) = 1 by the essential accessibility of /. Hence 
= and Cf = M. 

Now let E (Z M be an /-invariant subset with m{E) > 0. Since Cf = M, we get that 
E is also bi-essentially saturated by Proposition I4.4[ So E is essentially bi-saturated by 
Proposition 14.71 and m{E) = 1 by the essential accessibility of /. This shows that (m, /) 
is ergo die. □ 

5. Largeness of Heteroclinic sets 

In this section we prove that the heteroclinic sets can have large entropy. We first 
give the definition of the Bowen dimensional entropy hsif, ■) for noncompact subsets [3] 
with respect to a homeomorphism / : X — )■ X. For k > 1 and x,y E X, let dk{x,y) = 
max{d{f^x, f^y) : <i < k}, and let B{x,r,k) = {y E X : dk{x,y) < r} be the Bowen 
ball of radius r > 0. 

Let E C X and t > 0. For any e > and n > 1, denote 

M„(/, E, t, e) = inf{^ e"*"' : B{xi, r, rii) D E and rii > n for each i > 1}. 

i>l i>l 

Since Mn{f, E, t, e) is increasing with respect to n G N, the limit 

M{f,E,t,e) =: lim M^{f,E,t,e) 

is well defined. It is clear that M(/, E, t, e) < M(/, E, s, e) iit > s > and M(/, E, t, e) ^ 
{0, -|-oo} for at most one point t > 0. Then define 

(5.1) hsiT, E, e) = inf{t > : M(/, E, t, e) = 0} = sup{t > : M(/, E, t, e) = +oo}. 
The Bowen dimensional entropy of E is hsif, E) = lim^^o hB(T, E, e). Note that 

(5.2) hsifA \Ei,e) = maxhB{f,Ei,e), and hsif A \ Ei) = max hsif, Ei). 

^-^ i>l ^-^ i>l 

i>l ~ i>l 

Let / : M — )■ M be a transitive Anosov diffeomorphism and P = [W['^^{x),Wl^^{x)] 
be a small rectangle. Let y,z E W^^^^^x) and hy .^ : Wp{y) — > Wp{z) be the local stable 
holonomy (homeomorphism) with respect to W^. 

Lemma 5.1. Let E C W^{x). Then heif, hlyE,2e) < hB{f,E,e) < /ib(/, /i^. ^E, e/2) 
for all € > and for all y G Wf^^^x). In particular hsifyhlyE) = hsifyE) for all 

y(^Wii,{x). 

Proof. Step 1. Let e > 0. Note that fB{z,e,n+ 1) C B{fz,e,n) always holds. So 
Mnif, fE, t,e) <€■ Mn+i{f, E, t, e) and hence hsif, fE, e) < heif, E, e). Now we show 
the other direction. 
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Let n > 1 and {B{zi,e,ni) : rii > n} he a. covering of fE. Then B{f~^zi,e) Cl E D 
f~^{B{zi,e) n fE) (since f~^\fw^ix) is contracting) and lience 

Bir'zi, e,ni + l)nE = B{r'zi, e) n r'B{zi, e, m) D E 

D f-\Bizi, e) n fE) n f-'B{zi, e, m) D f-\B{zi, e, m) n fE). 

So {B{f~^zi,e,ni + 1) : rii > n} he a. covering of E. This implies tliat Mn.{f,fE,t,e) > 
e- Mn+i{f,E,t,e) and hB{f,fE,e) > hB{f,E,e). So hBU\fE,e) = hB{f,E,e) for all 
e > 0. Breaking f'^E into small pieces, applying (15 ■2p and using inductive argument, we 
see hsif, fE, e) = /ib(/, E, e) all A; > 1. 

Step 2. Pick 6 > such that d{hly{p),p) < S for all p e Wp{x). Iterating forward by 
f^, we get a new homeomorphism hi : f''Wp{x) — )■ f^Wp{y) induced by f^ o h^^y o f~^. 
Note that d{hl{f^p), f^p) < X'^d for all p e H/'pl^)' where A G (0,1) is the contraction 
rate on W. Also note that o h^yE = hlo f^E. 

Step 3. Let E C W^{x), e > and t > /i = hB{f,E,e). By Step 1 we see 
hB{f,fE,e) < t for all A; > 1. 

Pick = Ai'e^fc > 1 large such that for each n > N, there exists a countable cover of 
fE, say {B{zi',e,ni) : 2;; G > n}, such that E/>i < M^if,fE,t,e) + 1. 

For each q G f^h^yE, we know g = /^^(p) G hlf^E where p G fl B{zi,e,ni) for 
some / > 1. So 

dn{hlzi,q) < dn{hlzi,zi) + dn{zi,p) + dn{p,q) < 2X^5 + e. 
Therefore the collection {B{h'lZi,2X'^5 + e, ri/) : ni>n] forms a cover f'^h^.yE and 

M4/, /^/i^^^E, t, 2A^'5 + e) < ^ e-*"' < M„(/, t, e) + 1. 

Passing n to infinity, we see M{f, f^h^. yE, t, 2X^6 + e) < 1. Hence for every every k > 1, 

. HbU, h^yE, 2XH + e) = HbU. fK,yE, 2XH + e)<t. 

Picking k large with 2X^5 < e, we see hB{f,hlyE,2e) < t. Then passing t to h, we 
see hB{f,h%yE,2e) < h = hB{f,E,e). Note that /i^^. o hl.y = Id. So we can prove 
hB{f,E,e) < hB{f,hl.yE,e/2) for all e > 0. Finally passing e to zero and applying 
Squeeze Theorem, we see hB{f,hlyE) = hB{f,E) for every y G Wll^{x). This completes 
the proof. □ 

Lemma 5.2. Let P = [Wf^^{x), Wl^^{x)] be a rectangle and E G P be Wp-saturated, then 

hBif, E n WM, e/2) < hpif, E, e) < hB^f, E n W^{y), e/2) 

for every e > and for every y G Wll^{x). In particular hB{f,E) = hB{f,En Wp{y)) for 
every y G Wil^{x) 

Proof Let e > and y G Wil^{x) he given. Clearly E n W^{z) = hl^{E n W^{z)). 
Then by Lemma Owe see hB{f,En W^{z),e) < h = /is(/,E n W}!>{y),e/2) for every 
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z e W^ioc(^)- Let t>h\)Q fixed. Pick a (5-dense subset {xi,--- C Wp{x). Then 
E n Vr^(xj), e) < t for all J = 1, ■ ■ ■ , 

There exists = N^^d > 1 such that for each n > N, there exists a countable cover of 
E n W^{xj), say Cj- „ = {B{zi, e, n/) : z/ e En W^{xj),n{ > n}, such that 

< Mnif, E n W^{x,),t, e) + 1 < i. 

For each y G denote the stable holonomy by h^^y : Wp{xj) — )■ H^p(y) and s{5) = 

d{hj y, Id). For each q e E (1 Wp{y) there exists p e E n Wp{xj) with = q. Also 

p G B{zj, e, 77,;) for some / > 1. So 

dn{zi,q) < dnizj,p) + dn{p,q) < s{5) + e. 

So {B{zi, s{5) + e, nf) : / > 1} covers E n W^{W^'{xj)) for each j = 1, ■ ■ ■ , d. Therefore 
{B{zj , s{6) + e, nj) : I > 1,1 < j < d} covers E and 

d d 

j=i i>i j=i 

Passing n to infinity, we see M(/, E, t, s{6) + e) < 1 and hence hsif, E, s{6) + e) < t 
for every 6 > 0. 

Passing 6 to zero, we see s{6) < e and hB{f,E,2e) < t. Then passing t to /i, we see 
hB{f,E,2e) <h = hB{f,EnW}^{y),e/2). Clearly hB{f,E,2e) > hBif, E nW]i{y),2e). 
Finally passing e to zero and applying Squeeze Theorem we get hB{f,E) = hB{f\E fl 
Wpiy)) for every y G W^^^^x). This finishes the proof. □ 

Now we give the proof of Proposition D. 

Proof of Proposition D. Let / : M — > M be a transitive Anosov diffeomorphism. Note 
that / satisfies Specification Property. Pfister and SuUivan proved in [10] that hB^f, B{fi, /)) = 
hfj_{f) for every G A^(/) (by Proposition 2.1 and Theorem 1.2 in there). Then for the 
heteroclinic set Hf{fi, u) = B{fi, f) fl B{u, f~^), 

(5.3) hBif, Hfifx, u)) < hBif, i?(/i, /)) = h,{f). 

Then we cover M by rectangles, say {Pi, ■ ■ ■ , Pd} and assume hB^f, B{fi, f) n Pi) = 
hBif,B{fiJ)) for some Pi = [Wll,{x^),W}'^^{x,)]. Note that E = B{fi,f) n Pi is W^^- 
saturated. By Lemma we see /is(/, -B(/i, /) H Pi) = hB^f, B{fi, f) fl Wp^{y)) for every 

y e Wii^ixi). 

As observed in Remark[Tl we know that Wp_{y) C B{u, /~^) for some y G W^;oc(^«)' since 
fi(i^,/"^) is dense and u-saturated. So B{nj)nW^^{y) C B{i2, f)nB{u, f'^) = Hf{fi,u). 
Then we have 
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(5.4) hsif, Hfifi, u)) > hsif, /) n W^^iy)) 

= hsU. B{fi, f) n p,) = hBU\ B{i^, /) n n) = h^U)- 

Combing fl5.3p and fl5.4p . we see hs^f , H f{jji,u)) = h^{f). 

Note that = Hf^fi^u) and h^{f) = hy{f~^). Therefore 

hB{f-\Hf{^,v)) = hB{r\Hf-.{v,^i)) = Kif-') = Kif). 

So if h^if) ^ K{f) for some /z, z/ G then hsif, Hf{i^,u)) ^ hB{f-\ Hf{fi,u)). 

This completes the proof. □ 
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